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Abstract
We show that gravitational waves create phonons in a Bose–Einstein condensate
(BEC). A traveling spacetime distortion produces particle creation resonances
that correspond to the dynamical Casimir effect in a BEC phononic ﬁeld con-
tained in a cavity-type trap. We propose to use this effect to detect gravitational
waves. The amplitude of the wave can be estimated applying recently developed
relativistic quantum metrology techniques. We provide the optimal precision
bound on the estimation of the waveʼs amplitude. Finally, we show that the
parameter regime required to detect gravitational waves with this technique
could be, in principle, within experimental reach in a medium-term timescale.
Keywords: gravity, quantum metrology, Bose–Einstein condensates, gravita-
tional waves
1. Introduction
Einsteinʼs theory of general relativity [1] predicts the existence of gravitational waves [2].
Gravitational waves are perturbations of the spacetime generated by accelerated mass
distributions. The theory predicts that the amplitude of gravitational waves is extremely small
and thus, ﬁnding experimental evidence of their existence is a difﬁcult task. Indeed the quest for
the detection of these spacetime distortions [3] has been one of the biggest enterprises of
modern science and the focus of a great amount of work, both in theory and experiment.
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In this paper we show that small spacetime distortions produce phononic excitations in a
BEC. We propose a scheme that exploits this effect to detect gravitational waves. Phononic
excitations of a trapped BEC satisfy a Klein–Gordon equation on a curved background metric.
The metric has two terms [4–6], one corresponding to the real spacetime metric and a second
term, corresponding to the analogue gravity metric, which depends on BEC parameters such as
velocity ﬂows and energy density. In the ﬁeld of analogue gravity, the real spacetime metric is
considered to be ﬂat while the BEC parameters are modiﬁed by the experimentalist in order to
mimic spacetime dynamics. In this way, sonic black holes and expanding universes are
simulated in a BEC. Interestingly, the effects of the real spacetime metric on the phononic ﬁeld
have been ignored. In this paper, we show that changes in the real spacetime metric produce
phononic excitations that can be in principle detected. This generalizes the work presented in
reference [7] to the curved background case. In particular we consider the case of gravitational
waves such as those created by supernovas and gamma-ray bursts. We propose to use this
effect, which is both a quantum and a relativistic effect, to design a novel gravitational wave
detector. By applying recently developed techniques in relativistic quantum metrology [7, 8],
we show that the regime of functionality of the phononic gravitational wave detector is within
experimental reach.
Quantum metrology [9] exploits quantum properties to improve the performance of
measurement technologies. Indeed, quantum metrology promises to provide useful techniques
for gravitational wave detection [10] and are currently being used in one of the most ambitious
programs of gravitational-wave astronomy, the Laser Interferometry Gravitational-Wave
Observatory (LIGO) [11]. LIGO is a laser interferometer that attempts to detect gravitational
waves by means of the changes they produce in the optical paths of the laser in the
interferometerʼs arms. Small path changes should produce phase shifts that can be measured at
the output of the interferometer. Since the gravitational waves are very small, the interferometer
arms must be 4 km long and the mirrors’ weight is 10 kg. LIGOʼs sensitivity can be enhanced
employing laser quantum states, such as squeezed states. By this method, the noise can be in
principle reduced to shot-noise quantum limit [12]. Unfortunately, the regimes at which these
techniques would provide important advantages, have not been reached yet in LIGO. Sources of
error such as the thermal noise of the test masses, are still challenges to overcome before one
can hope to reach the quantum regime. An alternative method that has been proposed to detect
gravitational waves using quantum states involves an atom interferometer [13, 15]. In an atom
interferometer, the wavefunction of a BEC is split and recombined by means of laser pulses,
giving rise to a phase shift proportional to the acceleration induced spacetime distortion.
Interestingly, although both laser and atom interferometer schemes operate in the overlap of
quantum mechanics and relativity, they do not consider relativistic quantum ﬁeld theoretical
effects, such as particle creation [16, 17] or mode-mixing [18]. The schemes mentioned above
use non-relativistic quantum mechanics on one hand, and general relativity on the other.
However, these theories are known to be incompatible.
Quantum ﬁeld theory in curved spacetime allows one to properly incorporate quantum and
relativistic effects at low energies. The energy regime in which the theory is applicable includes
the natural energy regime of gravitational waves that are produced by, for example, supernovas.
Interestingly, the application of metrology techniques to quantum ﬁeld theory in curved
spacetime remains practically unexplored. Only recently, a framework for relativistic quantum
metrology has been developed applying metrology techniques to estimate parameters of
quantum ﬁelds that undergo relativistic transformations [7, 8, 19, 20]. The techniques can be
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applied to estimate spacetime parameters, proper times, gravitational ﬁeld strenghts and
accelerations, among other quantities of great interest to science and technology. Using this
framework, it was shown that the non-uniform acceleration of a BEC cavity trap produces
phononic excitations that can be detected with cutting-edge technology. This effect occurs in a
ﬂat spacetime metric with moving boundary conditions, i.e. corresponding to the dynamical
Casimir effect. Phonon creation provides the basis of a quantum accelerometer that exploits
relativistic effects to improve the state of the art in quantum accelerometers [7].
In this paper, we apply relativistic quantum metrology techniques to calculate the optimal
precision bound achieved for detecting gravitational waves using the phononic creation effect
we described above. We characterize the transformation that a gravitational wave generates on
the phononic excitations in a BEC (see ﬁgure 1). The ﬁnal state depends on the amplitude of the
gravitational wave. We compute the quantum Fisher information (QFI) associated to this state
and—via the quantum Cramer–Rao bound—we obtain the fundamental bound to the error in
the measurement of the spacetime ripple. We ﬁnd the experimental regime of parameters for
which this bound is low enough to enable the detection of a gravitational wave.
2. Modelling the gravitational wave spacetime
The metric of a gravitational wave spacetime is commonly modelled by a small perturbation μνh
to the ﬂat Minkowski metric ημν, i.e. [2],
η= +μν μν μνg h , (1)
Figure 1. Sketch of the setup: a BEC in a box-like potential that acts as a cavity for the
phononic excitations. Two phononic modes k and n are initially prepared in a two-mode
squeezed state represented by the initial covariance matrix σ0. A gravitational wave of
amplitude ϵ transforms the state producing excitations. The new state σϵ depends on ϵ.
Measurements on the modes can be used to estimate the amplitude of the spacetime
distortion.
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where
⎛
⎝
⎜
⎜
⎜
⎞
⎠
⎟
⎟
⎟
η =
−
μν
c 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
, (2)
2
and c is the speed of light in the vacuum. We consider Minkowski coordinates t x y z( , , , ). In the
transverse traceless gauge [2], the perturbation corresponding to a gravitational wave moving in
the z-direction can be written as,
⎛
⎝
⎜
⎜
⎜⎜
⎞
⎠
⎟
⎟
⎟⎟
= −μν
+ ×
× +
h
h t h t
h t h t
0 0 0 0
0 ( ) ( ) 0
0 ( ) ( ) 0
0 0 0 0
, (3)
where +h t( ), ×h t( ) correspond to time-dependent perturbations in two different polarizations.
Later on we will restrict the analysis to one-dimensional ﬁelds, where the line element takes a
simple form,
= − + + +( )s c t h t xd d 1 ( ) d . (4)2 2 2 2
The null geodesics of the above line element yield the speed of propagation of photons in the
spacetime, which is = = ≃ − +( )c t c h t( ) 1 ( )xtdd 12 up to the ﬁrst order in h.
3. Bose–Einstein condensates (BECs) on a curved and ﬂat spacetime
We are interested in describing a BEC in this spacetime and exploring the possibility that the
gravitational waves produce observable effects in the system. The system is extremely small, we
will consider the BEC to be 1 μm long. Thus, it is natural to think that the effects are too small to
be observable. Surprisingly, ampliﬁcation effects produced by the slow propagation of excitations
on the BEC make the effects, in principle, observable. To show this we describe the BEC on a
general spacetime metric following references [4–6]. In the superﬂuid regime, a BEC is described
by a mean ﬁeld classical background Ψ plus quantum ﬂuctuations Πˆ . These ﬂuctuations, for
length scales larger than the so-called healing length, behave like a phononic quantum ﬁeld on a
curved metric. Indeed, in a homogenous condensate, the ﬁeld obeys a massless3 Klein–Gordon
equation Π□ ˆ = 0 where the d’Alembertian operator g g g□ = − ∂ − ∂( )1/ a ab b depends on an
effective spacetime metric g
ab
with determinant g given by [4–6]
g
⎛
⎝
⎜
⎞
⎠
⎟
⎡
⎣
⎢⎢
⎛
⎝⎜
⎞
⎠⎟
⎤
⎦
⎥⎥ρ= + + −
−n c
p
g
c
c
V V1 . (5)
ab
s
ab
s
a b
0
2 1
0 0
2
2
The effective metric is a function of the real spacetime metric g
ab
(that in general may be
curved) and background mean ﬁeld properties of the BEC such as the number density n0, the
energy density ρ
0
, the pressure p
0
and the speed of sound ρ= ∂ ∂c c p/s . Here p is the total
3 We consider only the massless modes, since the massive modes—which require an energy comparable to the
chemical potential of the condensate—are not excited by the gravitational wave.
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pressure, ρ the total density andVa is the four-velocity ﬂow on the BEC. In the ﬁeld of analogue
gravity, the real spacetime metric is considered to be ﬂat and, therefore, itʼs effects are
neglected. Analogue spacetimes are simulated through the artiﬁcial manipulation of what we
call the analogue gravity metric,
G
⎛
⎝
⎜
⎞
⎠
⎟
⎡
⎣
⎢⎢
⎛
⎝⎜
⎞
⎠⎟
⎤
⎦
⎥⎥ρ= + −
−n c
p
c
c
V V1 . (6)ab
s s
a b
0
2 1
0 0
2
2
Experimentalists change the background parameters of the analogue metricGab to simulate sonic
black holes or expanding universes [21]. Here we are interested solely on the effects of the real
spacetime metric. To ensure this, we consider that in the comoving frame =V c( , 0, 0, 0)a and
obtain,
g
⎛
⎝
⎜
⎞
⎠
⎟
⎡
⎣
⎢
⎢
⎢
⎢
⎛
⎝
⎜
⎜
⎜⎜
⎞
⎠
⎟
⎟
⎟⎟
⎤
⎦
⎥
⎥
⎥
⎥ρ
=
+
+
−
− ( )n c
p
g
c c 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
. (7)
ab
s
ab
s
0
2 1
0 0
2 2
In the absence of a gravitational wave, the real spacetime metric is η=g
ab ab
, where η
ab
has
been deﬁned in equation (2). Therefore, the effective metric of the BEC phononic excitations on
the ﬂat spacetime metric is given by,
g
⎛
⎝
⎜
⎞
⎠
⎟
⎛
⎝
⎜
⎜
⎜
⎞
⎠
⎟
⎟
⎟ρ= +
−
−n c
p
c 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
. (8)
ab
s
s
0
2 1
0 0
2
Ignoring the conformal factor—which can always be done in 1D or in the case in which is time-
independent—we notice that the metric is the ﬂat Minkowski metric with the speed of light
being replaced by the speed of sound cs. By considering a rescaled time coordinate τ = ( )c c t/ s
we recover the standard Minkowski metric = − +s c t xd d d2 2 2. This means that the phonons
live on a spacetime that is Minkowski however, due to the BEC ground state properties, time
ﬂows slower and excitations propagate accordingly. As a result of this, we will show that
changes in the real spacetime metric are ampliﬁed, becoming observable.
The solutions of the Klein–Gordon equation with the metric in equation (8) describe
massless excitations propagating with the speed of sound cs. Therefore, the frequency of the
mode ωk is given by the dispersion relation ω = | |c kk s , where k is the modeʼs momentum. This
linear dispersion is valid as long as  ≪k mcs. We consider that the BEC is contained in a one-
dimensional cavity trap. Therefore, we impose close to hard-wall boundary conditions [22–24]
that give rise to the spectrum,
ω π= n c
L
, (9)n
s
where L is the cavity length and ∈n {1, 2 ...}. The mode solutions to the Klein–Gordon
equation are given by,
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ϕ
π
π= − ω−
n
n x x
L
1
sin
( )
e , (10)
n
L i tn
where xL and xR are the positions of the left and right walls, respectively.
The phononic ﬁeld Π t x( , ) is then quantized by associating creation and annihilation
operators †ak and ak to the mode solutions [25],
∑Π ϕ ϕ= + * †( )t x t x a t x a( , ) ( , ) ( , ) . (11)
k
k k k k
The operators ak and
†ak obey the canonical commutation relations. In what follows we will
describe the phonons in the spacetime of a gravitational wave.
4. Phonon creation by a spacetime distortion
Consider that initially the spacetime is ﬂat and that the phonons are in a given initial state σ0.
We are interested in computing the state of the phonons after a gravitational wave has passed
by. The real spacetime metric of a gravitational wave is given by equation (1) and thus, the
effective metric for the phonons is,
g
⎛
⎝
⎜
⎞
⎠
⎟
⎛
⎝
⎜
⎜
⎜⎜
⎞
⎠
⎟
⎟
⎟⎟ρ
=
+
−
+
−
−
+ ×
× +
n c
p
c
h t h t
h t h t
0 0 0
0 1 ( ) ( ) 0
0 ( ) 1 ( ) 0
0 0 0 1
. (12)
ab
s
s
0
2 1
0 0
2
For simplicity, we considered a quasi one-dimensional BEC. The line element is conformal to,
= − + + +( )s c t h t xd d 1 ( ) d . (13)s2 2 2 2
The effects of the spacetime distortion on the phonons can be computed using a Bogoliubov
transformation [26]. The ﬂat ﬁeld operators ak in equation (11) are transformed into,
∑ α βˆ = +* * †( )a a a , (14)m
n
mn n mn n
where ˆ †ak and aˆk are creation and annihilation operators associated to the perturbed mode solutions
and α +( )h t( )mn and β +( )h t( )mn are Bogoliubov coefﬁcients that depend on the waveʼs spacetime
parameters. In order to ﬁnd the perturbed mode solutions and the Bogoliubov coefﬁcients induced
by the wave, we apply a technique developed in reference [18]. The technique enables the
computation of Bogoliubov coefﬁcients associated to continuous variations of spacetime by
integrating discrete changes. Following this procedure, we assume that spacetime is initially ﬂat and
instantaneously undergoes a discrete spacetime perturbation ϵ. The new metric will be given by,
ϵ= − + +s c t xd d (1 ) d . (15)s2 2 2 2
Considering the change of coordinates,
⎜ ⎟
⎛
⎝
⎞
⎠
ϵ= ′ = ′ −t t x x, 1
2
, (16)
we ﬁnd that the mode solutions to the Klein–Gordon equation in the new metric after imposing
hard-wall boundary conditions at ′xL and ′xR are
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ϕ
π
πˆ ′ ′ =
′ − ′
′
′ω−( )t x
n
n x x
L
( . )
1
sin e , (17)
n
L i tn
where
ω ω′ = − = =′ ′ ′L x x L, . (18)R L n n
We assume that the ϵ-perturbation doesnʼt change the rigidity of the trap, that is the proper
length [10]:
∫ϵ ϵ= +
ϵ
ϵ
L x( ) d 1 (19)
x
x
( )
( )
L
R
remains constant ϵ =L L( ) , up to order ϵ. This means that in coordinates (t, x), the boundary
conditions change in the following way:
⎜ ⎟ ⎜ ⎟
⎛
⎝
⎞
⎠
⎛
⎝
⎞
⎠ϵ
ϵ ϵ ϵ= − = −x x x x( ) 1
2
, ( ) 1
2
. (20)L L R R
Thus, in coordinates ′ ′t x( , ):
= =′ ′x x x x; . (21)L L R R
The Bogoliubov coefﬁcients α ϵ ϕ ϕ= ˆ( )( ) ,mn m n and β ϵ ϕ ϕ= − ˆ *( )( ) ,mn n m can be calculated using
the Klein–Gordon inner product [26] between the ﬂat and ϵ-perturbed mode solutions in
equations (10) and (17). To ﬁrst order in ϵ and for =x 0L we ﬁnd that,
β ϵ
β
α ϵ
α
= − −
+
≠
=
= −
−
≠
=
+
+
mn
m n
m n
mn
m n
m n
( 1)
2 ( )
( )
0
( 1)
2 ( )
( )
1 (22)
mn
m n
nn
mn
m n
nn
4 . After the instantaneous perturbation the ﬁeld modes undergo a period of free evolution
before undergoing the next instantaneous perturbation. During free evolution the modes pick up
a time-dependent phase. Following [18], the Bogoliubov coefﬁcients corresponding to the
continuous perturbation produced by a gravitational wave ϵ Ω=+h t t( ) sin , can be computed
by approximating the perturbation +h t( ) by instantaneous perturbations in ϵ followed by
inﬁnitesimal intervals of free evolution. Taking the continuous limit, we obtain the Bogoliubov
coefﬁcients corresponding to a sinusoidal perturbation,
∫
∫
β ω ω β Ω
α ω ω α Ω
= + ′ ′
= − ′ ′
ω ω
ω ω
− + ′
− − ′
t t t
t t t
( ) i ( ) e sin ( ) d
( ) i ( ) e sin ( ) d .
( )
( )
mn m n mn
t
i t
mn m n mn
t
i t
0
0
m n
m n
4 The Bogoliubov identities α β∑ − = 1
m mn mn
2 2
are satisﬁed to ﬁrst order in ϵ conﬁrming that the total
probability is conserved in the time hypersurface of integration.
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In quantum ﬁeld theory, β ≠ 0 is associated with particle creation. Therefore, we conclude that
the gravitational wave has produced phonons in the system. The number of particles produced
is β= ∑n
m mn
2
[26], therefore, proportional to the amplitude, frequency and period of the
wave. We note that there is a particle creation resonance at
Ω ω ω= + . (23)m n
At resonance, assuming that the duration of the wave t is long enough,
ω ≫t 1, (24)1
and that + =m n odd, the ﬁrst order terms of the Bogoliubov coefﬁcients are given by,
β ϵ ω δ ϵ= ++ + ( )t nm t( ) 4 (25)jk m j k m n,
2
that is, the most relevant coefﬁcient is β
nm
. The Bogoliubov coefﬁcients we obtained coincide
with those of a cavity in ﬂat spacetime with sinusoidally varying length,
ϵ Ω= +L t L t( ) (0) (1 sin ( ) ), (26)
which where computed in reference [27] using an alternative method.
5. Introducing the covariance matrix formalism
It is convenient to use the covariance matrix formalism to describe the Bogoliubov
transformation that the wave induces on the ﬁeld states. Gaussian states of bosonic
ﬁelds and their transformations take a very simple form in this framework. This has enabled
the fast development of quantum information and quantum metrology techniques for
Gaussian states and is a natural formalism for the application of quantum metrology to
relativistic quantum ﬁelds [7, 8]. We start by deﬁning the quadrature operators
= +− †( )X a an n n2 1 12 and = − †( )X a an i n n2 12 , which correspond to the generalized position
and momentum operators of the ﬁeld, respectively. In the covariance matrix formalism
Gaussian states are completely deﬁned by the ﬁeldʼs ﬁrst and second moments. The ﬁrst
moment correspond to Xi and the second moments are encoded in the covariance matrix
Σ = + −X X X X X X2ij i j j i i j . We restrict our analysis to initial Gaussian states with
vanishing ﬁrst moments =X 0i . In this case, the state of the ﬁeld after a Bogoliubov
transformation is given by
σ σ=ϵ ϵ ϵS S , (27)T0
where σ0 encodes the initial state of the ﬁeld and the Bogoliubov transformation in equation (25)
is encoded in the symplectic matrix
8
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⎛⎝
⎜
⎜
⎜⎜
⎞
⎠
⎟
⎟
⎟⎟
  
  
  
=
⋯
⋯
⋯
⋮ ⋮ ⋮ ⋱
S , (28)
11 12 13
21 22 23
31 32 33
where the 2 × 2 matrices mn are given by
R I
I R
⎛
⎝
⎜⎜
⎞
⎠
⎟⎟
α β α β
α β α β
=
− +
− − +
( ) ( )
( ) ( )
. (29)mn
mn mn mn mn
mn mn mn mn
R and I denote the real and imaginary parts, respectively. The Bogoliubov coefﬁcients and
thus, the ﬁnal state of the ﬁeld, depend on the amplitude of the gravitational wave ϵ. Our main
aim is now to determine under what circumstances these changes are observable and moreover,
use specialized techniques in relativistic quantum metrology to estimate the amplitude of the
gravitational wave by making measurements on the BEC phononic ﬁeld.
6. Relativistic quantum metrology: estimating the amplitude of the wave
Quantum metrology provides techniques to estimate parameters associated to the transformation
of a quantum state. The formalism provides strategies, that include ﬁnding both, initial states
and measurements basis, that enable one to estimate the parameter with optimal precision.
Recently a formalism to estimate parameters in relativistic quantum ﬁelds has been developed
in the covariance matrix formalism [7, 8]. In this section we apply these techniques to provide a
bound on the optimal precision that can be achieved when estimating the wave amplitude ϵ
through measurements on σϵ. The quantum Cramer–Rao theorem states that the error in the
estimating the parameter ϵ is bounded by [28],
Δϵˆ ⩾
ϵ
( )
MH
1
, (30)
2
where ϵH is the QFI and M the number of probes. The QFI can be computed using the Uhlmann
ﬁdelity  between the state σϵ and a state with an inﬁnitesimal increment in the parameter, i.e.
σϵ ϵ+d ,
 σ σ
ϵ
=
−
ϵ
ϵ ϵ ϵ+( )
H
8 1 ( , )
d
. (31)
d
2
The precision in the estimation of the parameter will be increased when σϵ and σϵ ϵ+d are more
distinguishable. Now let σϵ be a two-mode Gaussian state with zero initial ﬁrst moments. The
Fidelity between them is given by [29]
 σ σ
Λ Γ Λ Γ Δ
=
+ − + −
ϵ ϵ ϵ+( , ),
1
( )
, (32)d 2
9
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where
Ω Ω
Ω Ω
Γ σ σ
Λ σ σ
Δ σ σ
= +
= + +
= +
ϵ ϵ ϵ
ϵ ϵ ϵ
ϵ ϵ ϵ
+
+
+
( )
( )( )
i i
i i
1
16
det 1
1
16
det 1 det 1
1
16
det ( ) , (33)
d
d
d
where 1 is the identity matrix and the symplectic form Ω is given by Ω Ω= ⊕ =kn k1 , Ω σ= − ik y
and σy is one of the Pauli matrices.
In reference [7, 8] analytical formulas are provided for the computation of the QFI in terms
of Bogoliubov coefﬁcients that admit a perturbative expansion in terms of the parameter to be
estimated. We consider the state of the ﬁeld to be a two-mode squeezed state for two modes n
and m with squeezing parameter r—the rest of the modes are initially in the vacuum state. In the
covariance matrix formalism, the reduced state of a particular set of modes is obtained by
simply deleting the corresponding rows and columns of the covariance matrix. The QFI for this
particular initial state was computed in [8] in terms of general Bogoliubov coefﬁcients,
R
R
⎡
⎣⎢
⎡⎣ ⎤⎦
⎤⎦
 
ϵ β
β α
β α
β β
= + + + + − +
− + + − + − − +
+ + − −
− −
α β α β α β
α β α β α β
αβ αβ
− (( )
) ( )
(
H r f f f f r t f f
f f r f f f f t t
r r t r t
t t
4 cosh 4 cosh 2 ( )
4 sinh 2 ( ) 2 ( )
4 sinh 4 cosh ( )
1
2
sinh 2 2 ( )
3 ( ) ( ) , (34)
n n m m
nm
n n
m m n n m m
nm nm
nm nm nm nm
nm nm
2 2 2
2 2 2
4 2 2 2
2 2
where

∑
∑
∑
α
β
α β
=
=
= *
α
β
αβ
≠
≠
≠
f
f
1
2
1
2
. (35)
i
j n m
ji
i
j n m
ji
ij
k n m
ki kj
,
2
,
2
,
Substituting equation (25), we obtain,
ω= − +ϵ ( )H nm t r r4 8 4 cosh ( ) 2 sinh (2 ) . (36)m
2 2 4 2
7. Is the effect observable?
The fact that gravitational waves can generate photons in ﬁelds conﬁned in certain regions of
spacetime was pointed out in [30, 31]. However, the effect is negligible in optical cavities since
gravitational waves typically have frequencies several orders of magnitude below the optical
regime. The condition for a particle creation resonance given by equation (23) in the case of an
10
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optical cavity, would require waves in the PHz regime. Fortunately, the situation is very
different for the phononic excitations of a BEC. The slow propagation of the excitations acts as
an ampliﬁcation effect making particle creation observable at regimes that can be in principle
reached in the experiment. Considering a cavity with length μ=L 1 m and typical values for
the speed of sound in such systems = −c 10 mm ss 1 results in a fundamental frequency of
ω π= ×2 5000 Hz1 , which contrasts with the typical fundamental frequencies in optical
cavities, which are in the PHz regime. Experimental timescales for the duration of the wave
between 0 and 2000 seconds, would allow to detect persistent sources such as the stochastic
cosmic gravitational wave background [32], as well as short and long-lived [33] gravitational
waves transients such as gamma-ray bursts. Typical phononic states on a BEC last
approximately a few seconds, however, for very low densities the stateʼs lifetime can be
between 100–1000 seconds. We consider values of the initial squeezing parameter between
r = 2 and r = 10 that seem in principle achievable in time-dependent potential traps [34]. Each
pair of mode numbers in turn provides a different value of the resonant frequency of the
gravitational wave. This fact can be exploited to detect waves in different frequencies. Using
these parameters, we plot in ﬁgures 2(a) and (b) our bound to a typical ﬁgure of merit that is
used in the literature of gravitational wave astronomy, i.e. strain sensitivity [3]. This ﬁgure of
merit is given by Δϵ Ω/ . The range of frequencies considered are between 104–105Hz, which
partially overlaps with the high frequency band of LIGO and also enters into the high-frequency
realm [36]. The condition  ≪k mcs holds for these values of the frequencies and, for instance,
the mass of Rb87 . Note that thermal noise is negligible in the considered range of frequencies at
experimentally achievable temperatures. For instance, at 10 nK the average number of phonons
of 15 KHz is × −5 10 32. Temperatures as low as 0.5 nK -at which the average number of
phonons in that frequency is −10 625—have been achieved in the laboratory [35].
The number M is assumed to be =M 1014. This number is assumed in non-relativistic
proposals to detect gravitational waves with BECs in space [13, 14]. In these schemes the wave
function of the BEC is split and recombined using laser pulses, giving rise to a phase shift of
ϕ = kaT 2, where k is the wave number of the atomic hyperﬁne transition, a is the average
acceleration and T the interrogation time between pulses. The readout of the phase is then
performed by ﬂuorescence imaging of the atoms. The optimal sensitivity in the measurement of
acceleration as provided by the QFI is given by [14]: δ = ( )a N kT1/ 2 . After one cycle, N is
given by the number of detected atoms. After several cycles, the number of atoms is multiplied
by the repetition rate and the integration time. Considering [14] a number of atoms of 106—
which already assumes a signal-to-noise ratio with respect to the total number of atoms in the
BEC—a repetition rate of 5 Hz and integration time of one year, a number =N 1014 is obtained.
The acceleration can in turn be related with the amplitude of a gravitational wave. Note that
integration times of several years are achievable by stable large-atom BEC machines [37, 38].
Let us discuss several alternative measurement protocols in our case. First, the readout of
the changes in the covariance matrix might be performed in a manner similar to the experiment
in [39], where upon releasing the condensate trapping potential, the state of each phonon is
mapped into the state of an atom with the same momentum and the velocities are measured by a
position-sensitive single-atom detector. Then again number of atoms, repetition rate and
integration time are the relevant parameters to determine the total huber of probes, and similar
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numbers as above can be considered. Note however that even with only one cycle of
measurements ( =M 106), the sensitivity of our device is comparable to the state-of-the-art in
laser interferometry, namely × − −7 10 Hz23 1/2.
An alternative non-destructive method of readout consists in using atomic quantum dots or
optical lattices coupled to the condensate to probe the ﬁeld state [40]. The interaction between
each dot and the condensate can be modulated through Feshbach resonances in the sub-ms
regime [41] and a number of 1500 dots can be considered [40]. This results in the possibility of
making 106 measurements in 1s, giving rise to the same number of measurements after one year
of integration time. Another method to measure the covariance matrix of a pair of phononic
modes through non-destructive measurements has been recently introduced in [42]. Note also
that in [43] the authors report on experimental measurements of quantum ﬂuctuations of the
number of phonons in a particular mode, by using in-situ techniques. As can be seen in
ﬁgures 2(a) and (b), we ﬁnd that the strain sensitivity can be as low as − −10 Hz27 1/2 for the
Figure 2. Optimal bound of the strain sensitivity Δϵ
Ω
versus duration of the gravitational
wave for μ=L 1 m, = −c 10 mm ss 1, =M 1014. (a) r = 10 and mode numbers m = 1,
n = 2 (blue, solid), m = 1, n = 6 (red, dashed), m = 10, n = 11 (yellow, dotted). (b)
m = 10, n = 11 and squeezing parameter =r 2 (blue, solid), r = 3 (red, dashed) and r = 4
(yellow, dotted).
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optimal parameters. This is well below the threshold for the detection of gravitational waves.
State-of-the-art in LIGO is × − −7 10 Hz23 1/2, which in our case can be achieved with 106
measurements.
Our intention in this paper is to suggest that gravitational waves can be detected through
the excitation of the phononic modes of a BEC and to show, using realistic parameters, that the
effects are in principle observable. A detailed experimental proposal will be provided
elsewhere. However, let us brieﬂy discuss which challenges would be necessary to overcome,
such as depletion and rigidity of the trap.
The experiment would require very low temperatures in order to safely neglect both
thermal and quantum depletion. However, as discussed above, temperatures as low as 0.5 nK
have been achieved in the laboratory, where the effects mentioned are negligible. Assuming that
the system is cold enough and conveniently isolated from other sources of vibration, the main
challenge to address will be then to achieve the required rigidity of the trap. Signals produced
by random motion of the boundaries, due to for instance, beam-pointing laser noise, should be
clearly distinguishable from the gravitational wave signal, whose features depend critically on
the relevant frequencies and on its particular way of transforming the spacetime coordinates
(equation (20)). In particular, beam-pointing ﬂuctuations in optical traps are completely
negligible in the kHz regime considered in this work [44, 45], so they will not generate a
competing signal. The only effect of the beam-pointing ﬂuctuations is an additional heating,
designed to be negligible in modern optical traps [46]. An in-depth analysis of possible sources
of non-rigidity depends strongly on the particular type of trap and the details of the
experimental setup. This analysis will be presented elsewhere.
8. Conclusions
We have proposed a method for gravitational-wave astronomy based on a relativistic quantum
ﬁeld theoretical approach. We have shown that spacetime distortions produce phonons in a
BEC and we have suggested to use this effect to detect gravitational waves. The spacetime wave
gives rise to particle creation resonances when the BEC is in a box-like potential, similar to the
dynamical Casimir effect. Particle creation through the motion of boundary conditions has been
extensively analysed in the context of the dynamical Casimir effect [16, 17]. However, to the
best of our knowledge, this is the ﬁrst time it is shown that the real dynamics of spacetime can
generate phonons in a BEC. Since the ﬁnal state of the phonons depends on the amplitude of the
wave, the amplitude can be estimated. We calculated a bound on the optimal precision that can
be achieved with this method and studied the regime of experimental parameters in which the
sensitivity is low enough to detect the spacetime ripple. In the best scenario, the predicted strain
sensitivity is several orders of magnitude beyond the performance of highly sophisticated
programmes for gravitational wave detection such as LIGO. The experiment clearly presents
challenges, however, introducing new methods for the detection of spacetime effects might not
only lead to the detection of gravity waves but also deepen our understanding of the overlap of
quantum theory and relativity. The techniques presented in this paper can be extended to
explore the effects of other spacetimes including expanding metrics. We hope our scheme for
relativistic quantum metrology will not only play a role in the upcoming era of gravitational
wave astronomy but also show how the interplay between quantum and relativistic effects can
give rise to a new generation of quantum technologies.
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